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Abstract. A linear response formalism is developed which is based on density functional theory within
the local density approximation, but which is now corrected for its spurious self-interaction errors, in
the way originally proposed by Perdew and Zunger for ground state calculations. The original
formulation is extended to incorporate self-interaction corrections in the scrrening terms. The general
formalism is then applied to the calculation of the static and dynamic response of the metal clusters
{Nag, Nag'}, (Na,y, Naj,) and {Na o, Naj;] within the jellium model. Comparison with experimental data
and with other theoretical calculations indicates that the present formalism accounts for the overall (and
most of the fine) features of the photoabsorption spectrum of these systems, providing a systematic
improvement with respect to previous approaches. The remaining discrepancies are rationalized in terms
of the effects to be expected by correctly accounting for the discrete structure of the ionic cores.
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1 Introduction

The special stability of small particles of alkali metals containing 8, 20, 40, . .. valence
electrons was predicted by one of us [1] to be a physically observable effect associated
with the closure of shells of electrons moving independently in a spherically symmetric
average potential. These conjectures were based on the theoretical description of the
valence electrons of these systems by means of Density Functional Theory (DFT),
invoking the Local Density Approximation (LDA) for Exchange and Correlation (XC),
and replacing the ionic cores by a smeared, positive, constant and spherical volume
charge density of radius Ry = ' '?, r, being the Wigner-Seitz radius of the bulk metal
and ../ the total number of atoms (the so-called jellium model). A few months later,
experiments carried out in Berkeley by Knight et al. [2] were published, confirming these
predictions and proposing the shell model for the valence electrons of metal clusters.
Mainly due to their remarkable simplicity, jellium and jellium-based models have been
widely used in cluster physics since then.

As early as 1984, the Time-Dependent LDA (TDLDA), developed in 1980 in atomic
physics [3], was applied to study the static and dynamic polarizability of small sodium
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particles [4]. The polarizability is of great interest due to its simple relation to an
experimental observable, the photoabsorption cross-section. In short (and at the risk of
oversimplification), three main conclusions were drawn then:

1. Quantum Size Effects (QSE) lead to a sizeable red-shift of the plasmon resonance with
respect to the classical Mie value.

2. As the cluster size decreases, the volume plasmon gradually disappears.

3. The surface plasmon, which for large clusters displays a single, collective peak,
becomes strongly fragmented for the smaller clusters, due to its coupling to electron-
hole pair excitations (Landau fragmentation).

Measurements of absolute photoabsorption cross-sections in free clusters were pioneered
in Berkeley, in 1987, by de Heer et al. [5]. Since then, many experiments [6] have widened
our knowledge of the response of these small systems to light, both in neutral and in
positively ionized species.

Theoretically, essentially two microscopic approaches have been used to calculate the
photoabsorption cross-section of small metal particles:

1. Ab-initio, all-electron quantum molecular methods [7, 8];
2. Jellium-based TDLDA and related methods [4, 9, 10, 11].

Because metal clusters can be produced with any number of atoms, from the simple dimer
to a macroscopic piece of bulk solid, the transition from atomic to bulk behaviour
constitutes one of central and most callenging issues to be addressed in this field. In this
context, the enormous complexity of the quantum molecular methods, together with
their remarkable sensitivity to different basis sets, precludes their practical application.
In fact, only few calculations [7] are available which make use of these methods. Irre-
spective of these drawbacks, the quantum molecular methods are, at least conceptually,
capable of producing accurate results for the smallest sizes, being therefore useful as a
testing ground for simpler and more flexible many-electron cluster theories.
Jellium-based calculations of the photoabsorption cross-section of small metal
particles are now available for a size range spanning over three orders of magnitude [10],
but the larger sizes calculated so far (N = 2000) are still insufficient for the observation
of the expected transition to the bulk-live behaviour, which is conjectured to occur for
particles containing =~ 10* atoms [11]. On the other hand, there is experimental evidence
for the occurrence of “atomic shells”’, which are attributed to the dominant effect of
faceting in large clusters as compared to the small ones, in which the electronic shells seem
to dominate [12]. Clearly, the jellium is a model for electronic shells. Comparison with
experiment should, in principle, enable one to infer the relative importance of the atomic
structure in the resulting cross-sections by testing the validity of a pure electronic shell
model such as the jellium model. To this end, however, one must use an appropriate
electronic shell model, since otherwise any conclusions regarding the relative roles played
by the electrons and the ions may be hidden in subtle cancellations or wrong assumptions.
In this paper, we address this issue by calculating the photoabsorption cross-section
of small metal clusters, within a purely electronic shell model (the jellium model), treating
the valence electrons in DFT making use of the LDA for XC. Furthermore, we correct
this theory for its most important drawback, as far as small systems are concerned — its
self interacting character. The Self-Interaction Correction (SIC) will be carried out in the
way proposed by Perdew and Zunger [14] for the calculation of the ground-state
properties, which constitutes the most tested and successful of SIC approximations.
Furthermore, we shall extend the SIC scheme also to the calculation of the excitation
spectrum. To this end we shall correct for self-interaction also in the screening self-
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consistent field induced, in linear response theory, by an external perturbation. We
believe that the general SIC formulation introduced in the present work provides a state
of the art description of excitations in general, finite many-electron systems. By
comparing with the available experimental data, we shall infer the importance of the ionic
structure, whereas comparison with the standard TDLDA results will enable us to deduce
the magnitude of the self-interaction corrections.

Experimental data on alkali metal clusters are by now sufficient to indicate, in short,
that the jellium-based LDA and TDLDA approaches are off by as much as 15% in the
description of the ground state and excited state properties of these systems, though able
to qualitatively reproduce their main features. Many reasons have been invoked to explain
this disagreement, the most popular being that a purely electronic shell model is
inadequate because it neglects the ionic structure which should play an important role.
This line of reasoning prompted a profusion of models [15, 16, 17] which tried to go
beyond the jellium model in some more or less phenomenological way, simulating the
structure of the ionic cores. In most of these attempts it was required that the resulting
model be simple. In our opinion, these procedures may be justifiable only after the
electronic part (which constitutes an essential ingredient in all these models) has been
worked out in a physically appropriate way. As a matter of fact, we shall obtain results
for the static polarizabilities and photoabsorption cross-sections which compare
quantitatively with the available experimental data. This indicates that, for the clusters
we are considering here, electronic effects play a dominant role, the ionic structure
providing a perturbative effect responsible, e.g., for fine (but important) effects in the
photoabsorption line shape [18]. This is also supported, at present by three other
independent sources of information:

1. As early as 1986, P. Sheng et al. [21] calculated the static polarizabilities of small
sodium particles by including elastic deformations in the jellium background. As a
result, the polarizabilities were changed by as much as 1%, which is manifestly
insufficient to bridge the 15% gap between LDA theory (considered in that paper) and
experiment.

3 The recent calculations of U. Rothlisberger and W. Andreoni [20, 22] who performed
ab-initio LDA calculations of small (up to 20) neutral sodium clusters, fully relaxing
the ionic positions within the Car-Parrinello method, show that angular momentum
is approximately a good gquantum number to classify the electronic orbitals of the
valence electrons of the magic clusters. Furthermore, the densities obtained with the
ab-initio method, when sphericalized, become very similar to the densities emerging
from the jellium model. Finally, good (even quantitative) agreement was found
between the Kohn-Sham eigenvalues of the ab-initio fully relaxed structures and the
self-consistent spheroidal jellium model results of Ekardt and Penzar [19, 23].

3. Most important, the experimental determination of the quasiparticle energies of smalil
potassium clusters [25] show striking similarities to the calculated single-particle
spectrum of the electronic shell model of Clemenger [26].

This bulk of information leads us to think that the jellium electronic shell model “works
well””. This is supported by the results of the present work.

The paper is organized as follows. In section 2 the formalism is developed, and its
derivation is carried out in close relation with the standard TDLDA. Section 3 is devoted
to the discussion of the results and their physical implications, while the general
conclusions and future prospects are collected in section 4. Mathematical details are
deferred to an appendix.
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2 Formalism

To describe the Ground State (GS) of a cluster with ./ ions and N valence electrons, in
the LDA to XC, we start by solving the Kohn-Sham equations,

— K2
[ e ] wi(@) = & w;(r), (1)
where the LDA mean-field (MF) potentials reads

N
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V1(r) is the jellium potential of .# positive ions, y;(r) represents the eigenfunction with
quantum numbers j, and ¢; is the corresponding eigenvalue. V. is the LDA for XC for
which we use the parametrization of Gunnarsson and Lundqvist [27]. As is clear from
the above definition of the average potential, each electron interacts with itself spuriously
via the construction of the total electronic potential by means of the total density. The
SIC attempts to correct for this deficiency in the average potential, by replacing the above
scheme by a similar one, in which a set of Kohn-Sham-like equations is still solved, but
now with an orbital dependent potential:
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where V[ is relate to Vyp by
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To make the notation unambiguous, we redefined the eigenfunctions and eigenvalues,
such that ) (r) represents the eigenfunction of orbital potential V). with quantum
numbers j, and a(’) the corresponding eigenvalue. Furthermore, we shall consistently
denote by X a given self-interacting quantity and by X the corresponding quantity in the
SIC case. In this notation the total density appearing in Vg is now defined as [28]
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Contrary to the self-interacting case, in which the Kohn-Sham eigenvalues and
eigenfunctions have no direct relation to the quasiparticle energies and wave functions
of the cluster, the SIC-LDA solutions are expected to constitute good representations of
these quantities (cf. Refs. [14, 29]).

We shall consider now the general theory of linear response to an external perturbation.
For definiteness, we shall start with the self-interacting case (TDLDA), including the SIC
later.

Under the action of an external, time-dependent perturbation of the form

V() = — 1! Py(cos@) cos(wt) , (6)
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the valence electrons will respond, to zero order, independently. The independent-particle
induced density will oscillate in phase with the external perturbation, its single Fourier
component being given by

dng(r, w) = §dry xo(r, 15 @) Ve (ry, @), (7
where the independent-particle susceptibility is given by
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In the above equation, f; represents the Fermi occupation factor (1 for occupied orbitals
and 0 otherwise) and G is the retarded Green’s function associated with the LDA
Schodinger-type equation,

[E L VMF@)] G, ri, E) = 8@ — 1)) 3 (10)
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it possesses the eigenfunction expansion,
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The imaginary infinitesimal § [31] ensures the appropriate causality properties of this
Green’s function, fixing the boundary conditions to be imposed on the solution of
Eq. (10).

The equality between Eqgs. (8) and (9) relies on a subtle cancellation of two terms.
Indeed, as becomes clear by simple inspection of Eq. (11), the first term in Eq. (9)
includes all transitions from a given occupied state into all possible states (including
eventually itself), which manifestly violates the Pauli principle. The Pauli forbidden
transitions are exactly cancelled, however, by the second termin Eq. (9). This has the clear
advantage that the infinite sums in Eq. (8) are now replaced by a sum over the (finite)
occupied, single particle states already determined in the GS calculation, together with
the solution of Eq. (10) for the Green’s function.

The independent-particle approximation overestimates the response of the system to
the external perturbation. This is because the screening electronic field due to the induced
density is not taken into account. In linear response, one includes this field by requiring
a self-consistency condition between the induced density and the screening potential.
Denoting the linearly induced density by d» and expanding the potential in Eq. (2)
keeping only the linear terms we get [32]
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The linear response equation for J n reads, then,
on(r, w) = [ drixe(, r; @) [V (v, @) + Viereen (ry, @)1 - (13)

This equation constitutes the TDLDA equation for the induced density. We proceed now
by correcting this formulation including SIC. We shall distinguish two different levels of
SIC.

The SIC scheme implies several modifications in the independent-particle response.
Since the single-particle potentials are now orbital dependent, the independent-particle
susceptibility is conveniently rewritten as
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The (orbital dependent) Green’s functions G%) are now related to the solution of the
following equation,

2
[E * oS pg}c(l')} GO@, 1, E) = 8¢ ~ 1y , (15)
m
by

~ ’ s . occ 7, (i)(l')ii/(i)*(l' )
GO, v, 8D + hw) = | 6D, 1y, &9 + hw) — ¥ WYy
b ) 0 T ‘ ),:5§=)+hw—§}')+fa

] . (16)

The physics associated with the above equations is quite simple. Because the potential is
orbital dependent, the transitions from a given occupied state should be computed with
the potential appropriate for this state. This is accomplished through Eq. (15) and
ensures that orbitals into which the electron is promoted are SIC as well. The present
approach is closely related to the well known Improved Virtual Orbitals (IVO) method
widely used in atomic physics and quantum chemistry [34]. G¥) is obtained from G®
through Eq. (16). The additional terms explicitly avoid any violation of the Pauli
principle, since in the SIC case, the subtle cancellation discussed above in connection with
Egs. (8) and (9) no longer holds, because the forbidden upward transitions are different
from the forbidden downward transitions.

So far, we have defined a SIC independent-particle susceptibility. Calculation now of
the linearly induced density via Eq. (13) using the screening potential defined in Eq. (12)
leads to the first level of SIC response, which we denote by SIC-TDLDA [35]. This
formalism contains most of the essential features inherent to a SIC theory and was shown
[35, 36] to lead to systematic improvements with respect to the TDLDA, when compared
with available experimental data. However, SIC has been neglected in the screening
potential, which implies that screening effects are overestimated at the level of SIC-
TDLDA. Indeed, from the definition of Ve, in Eq. (12) it is clear that there is a
spurious self-interaction due to the fact that this potential is calculated with the total

































