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Quantum Size Effects in the Polarizability of Carbon Fullerenes
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We investigate the size-dependent dielectric response of carbon fullerenes with up to 3840 atoms in
the framework of the linear response theory. Our results suggest a significant polarizability enhance-
ment due to quantum size effects with respect to classical or semiclassical calculations. The accuracy of
our results, based on a parametrized Hamiltonian, is verified by ab initio time dependent density
functional calculations for smaller fullerenes. Our findings underline the importance of quantum effects
in the electronic response of nano- and mesoscopic systems.
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3840 atoms. We will show that quantum size effects dielectric medium with a finite dielectric constant �. In
The physics of mesoscopic systems underwent a major
revolution in the mid-1980s with the experimental pro-
duction of high quality cluster beams. Many fundamental
discoveries are associated with the development of such
techniques, notably the observation of electronic shell
and supershell structure in alkali metal clusters [1], or
the discovery of caged structures consisting of carbon [2].
Many of the novel properties associated with such finite
systems are, to a great extent, related to the confinement
of a large, yet finite, number of electrons in a relatively
small volume, thereby inducing what is known as quan-
tum size effects.

Quantum size effects are relevant in distinct areas of
physics, playing sometimes analogous roles on energy and
length scales that differ by several orders of magnitude.
Furthermore, quantum size effects quite often lead to
significant fine structure deviations from the physical
behavior expected based on semiclassical arguments,
which typically account for the observed general trends.
This is particularly the case in the size dependence
of physical properties of atomic clusters, notably their
polarizability.

Carbon fullerenes, as well as nanotubes, constitute an
example of atomic clusters, which have received consid-
erable attention during the past decade, both at an experi-
mental as well as theoretical level [3]. In what concerns
their polarizability, however, present information is al-
most exclusively limited to the C60 cluster. Even for this
system, only recently experimental measurements [4] and
ab initio calculations [5–7] on isolated molecules have
been carried out. The lack of microscopic results for other
fullerene structures is unfortunate, since the only alter-
native is to rely on essentially classical estimates [8]. In
particular, the size dependence of the polarizability re-
mains, to our knowledge, an open question, which de-
serves a prompt answer.

The purpose of this Letter is to provide microscopic
results for the static polarizability of fullerenes with up to
0031-9007=04=92(21)=215501(4)$22.50 
modify the size dependence of the polarizability to a
significant degree. We observe a size-dependent enhance-
ment of this observable with respect to classical and
semiclassical results. Indeed, we obtain a steep increase
of this enhancement factor as a function of size up to a
maximum value of 2 occurring at a size of N � 960, after
which a slow decrease of the enhancement factor is
observed towards the semiclassical limit at larger sizes.
These conclusions, not accountable for by any classical
model of the polarizability, are based on a linear response
(LR) model [9] in the framework of a parametrized linear
combination of atomic orbitals (LCAO) Hamiltonian
with parameters determined by ab initio calculations
for simpler structures [10]. The accuracy of this
model—which has been shown to provide reliable pre-
dictions of the static and dynamic polarizabilities of C60

and C70 [9,11]—is validated by carrying out additional
calculations using ab initio density functional theory
(DFT) methods [7] for smaller carbon cages.

The classical picture of the polarizability of fullerenes
is rather simple and clearcut, in particular, for quasi-
spherical systems. Indeed, these can be viewed as spheri-
cal shells with an average radius R and a constant
thickness of 2a, confining a relatively constant and size-
independent charge density. We adopt the value of a �
0:9 
A, commonly used for carbon fullerenes and nano-
tubes [12], independent of the system size. If one inter-
prets this spherical shell as that of a conducting material,
we obtain for the classical value of the static polarizabil-
ity the same result as that for a metallic sphere of radius
�R� a�, namely � � �R� a�3 in atomic units [13]. A
similar cubic dependence of the polarizability [� �
0:75�R� 1:2�3 
A3] has been obtained independently in
Ref. [14], employing a semiempirical method. Treating
the carbon network as a metallic shell, however, poses a
conceptual problem, since the sp2-like chemical bonding
of carbon atoms is of a covalent nature. It would appear
more appropriate [12] to view the carbon shell as a
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TABLE I. Size dependence of several properties of CN fullerene cages. For each quasi-
spherical N-atom fullerene, we list the average cage radius R, the HLG Eg, as well as our
results for the static polarizability �. �LCAO stands for the LR-LCAO quantum mechanical
value, �classic for the classical value, resulting from Eq. (1) with a size-independent value for �,
and �Penn for the semiclassical value obtained via Penn’s model. The last column gives
the polarizability enhancement factor �LCAO=�Penn, which constitutes the data used to
generate Fig. 2.

N R (Å) Eg (eV) �LCAO ( 
A3) �classic ( 
A3) �Penn ( 
A3) �LCAO=�Penn

20 2.08 0.382 20.03 16.19 22.38 0.895
60 3.56 2.080 81.06 55.74 64.33 1.260

240 6.92 1.444 581.19 246.99 343.29 1.693
540 10.32 1.062 1868.82 612.59 1026.82 1.820
960 13.51 0.838 4289.78 1125.88 2185.32 1.963
2160 20.50 0.649 17816.81 2853.28 9548.13 1.866
3840 26.76 0.513 33 731.11 5119.74 19 862.19 1.698
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Ref. [12], a constant value � � 8 has been used in order to
reproduce the properties of the C60 molecule. Adopting
this value for the effective � of any fullerene, independent
of its size, and substituting it in the exact result [8] for the
polarizability of a spherical dielectric shell, would yield

�

�R� a�3
�

�2�� 1���� 1��1� 
�

�2�� 1���� 2� � 2
��� 1�2
; (1)

where 
 � ��R� a�=�R� a��3. This leads to the values
listed in Table I under column �classic for the fullerenes
considered in this study. The assumption of a constant,
size-independent � is unsatisfactory, however, since it
leads to an incorrect asymptotic behavior � ! 0 for
R ! 1. A more appropriate description of the size-
dependent dielectric response of the carbon network
can be obtained using an approach developed by Penn
[15], which expresses the dielectric constant as � � 1�
�Ep=Eg�

2, where Ep is the plasmon energy and Eg the
fundamental energy gap. In our case, the latter corre-
sponds to the optical gap of the fullerene shell or, more
qualitatively, to the highest occupied molecular orbital–
lowest unoccupied molecular orbital gap (HLG) of the
fullerene. As is well known [6], the optical response of
C60, similarly to that of graphite, is dominated by two
main absorption peaks. These are the � plasmon at h� �
6 eV and the � plasmon at h� � 20 eV, carrying most of
the absorption strength and evidencing a moderate size
dependence. This behavior suggests that we take for Ep a
constant value of � 20 eV, which implies that the size
dependence of � arises from Eg. As a result, we expect
that � will increase with increasing cluster size, reaching
an infinite value when Eg approaches zero, as is expected
to happen when R ! 1 and one recovers graphite. We
shall call this limit semiclassical. Results obtained with
the size-dependent � in Eq. (1) are also listed in Table I
under the column �Penn. These results exhibit a size
dependence that departs markedly from the classical
estimate, in better agreement with the quantum-
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mechanical prediction tabulated under column �LCAO,
discussed below. Moreover, this semiclassical approxima-
tion warrants the correct asymptotic behavior as R ! 1.

In the following we shall concentrate on the polariz-
ability calculation in the LR-LCAO framework, which
will provide an independent estimate for the size
evolution of the static polarizability of the fullerenes, as
the number of carbon atoms changes by 3 orders of
magnitude.

In the LR model of Ref. [9], the screening effect pro-
duced by the valence electrons has been approximated by
that due to a classical spherical surface charge distribu-
tion. Within the fullerene family, this description is most
appropriate for systems with a quasispherical shape, such
as C20, C60, C240, C540, C960, C2160, and C3840 [16], most of
which display icosahedral symmetry. The optimized
structures employed were taken from the results of
Ref. [17] and make use of the LCAO parametrization
developed for carbon in Refs. [10,18]. We maintain the
LR-LCAO framework of Ref. [9] for the polarizability
calculation of the above fullerenes. For these systems, the
polarizability is proportional to the unit tensor [19].
Furthermore, temperature effects are neglected [20]. In
Fig. 1 we display four representative cages considered in
this work, together with their average radii.

Our electronic structure study is based on a parame-
trized LCAO Hamiltonian with a four-orbital basis
(s; px; py; pz) per carbon atom,

HLCAO �
X

�;i

��a
y
�;ia�;i �

X

�;i;�;j

V�;i;�;ja
y
�;ia�;j: (2)

Here, the indices i; j specify the atoms and the indices
�;� the individual orbitals. The off-diagonal matrix
elements V�;i;�;j of the Hamiltonian depend on the
relative atomic positions. The one-electron eigenstates
of this Hamiltonian form the basis for the polarizability
calculation. Using the definition for the dipole operator
D and screening term W introduced in Ref. [9], the
215501-2
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FIG. 2 (color online). The size dependence of the polariz-
ability enhancement factor �LCAO=�Penn, shown by the data
points. �LCAO is the static polarizability, computed at the LR-
LCAO level, and �Penn the semiclassical value of the polar-
izability based on Penn’s model. The dotted line is a guide to
the eye. For small cages, the static polarizability enhancement
first increases with an increasing number of atoms. After
reaching the maximum value at C960, the static polarizability
enhancement decreases monotonically. Still, for fullerenes as
large as C3840, the value of the quantum polarizability exceeds
the semiclassical value by � 70%.

FIG. 1. Atomic structure of four representative fullerene
cages considered in this Letter, optimized in Ref. [17] using
the LCAO functional of Ref. [18]. Since the scale in the
subfigures is not the same, we also provide, in parentheses,
the average radii of the cages.
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polarizability � can be obtained by solving the equation

� � �1� �0W��1�0: (3)

The 2� 2 matrix �0 is computed by making use of all the
one-electron states (p for unoccupied states and h for
occupied states), which diagonalize HLCAO, as

�0
n;m � 2

X

p;h

hpjD�n�
z jhihhjD�m�

z jpi
��p � �h�

: (4)

In order to compute the static polarizability of the
carbon cages, we first determined their electronic ground
state using the LCAO Hamiltonian. This provides also
explicit values for the HLG energy Eg, presented in
Table I. We then computed the unscreened polarizability
matrix �0 using Eq. (4), and obtained the screened polar-
izability � by solving the matrix equation, Eq. (3). Our
calculated dielectric response, obtained using the LR-
LCAO approach, is shown in Fig. 2 as a function of the
average cage radius. For each fullerene, we plot the ratio
of the LR-LCAO polarizability and the corresponding
semiclassical value, thus eliminating the explicit volume
dependence. This polarizability ratio increases steeply as
a function of R up to C960 in an unprecedented manner.
This puts in evidence the significant deviation of the
quantum from the semiclassical or classical polarizabil-
ity values as a function of size, also presented in Table I.
We find it most interesting that the strong polarizability
215501-3
enhancement, evidenced in Fig. 2, results primarily from
quantum size effects in the carbon cages, which evade
any classical description.

To verify the validity of these findings, we first com-
pared our LR-LCAO results to calculations based on an
alternate LCAO parametrization [9,10], and found no
sizable deviation from our results in Table I and Fig. 2.
Second, we performed ab initio calculations of the static
polarizability for the smaller fullerenes along the lines of
Ref. [7], utilizing the same program, ADF [21]. Since
response calculations require the use of extended basis
sets, we augmented triple-zeta basis sets by additional
polarization functions to describe each carbon atom with
four valence electrons within the frozen-core approxima-
tion. We have used the local density approximation (LDA)
to DFT with the parametrization of Vosko, Wilk, and
Nusair [22]. The value we obtained for the C60 molecule
agrees with independent ab initio calculations [5–7]. It
should be noted that LDA is well known to underestimate
the HLG. However, the polarizability values are also
215501-3
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known to be more reliable: In what concerns C60, LDA
calculations predict � � 82 
A3 [5–7], to be compared to
the latest experimental value � � 76:5� 8 
A3 [4].
Because of memory limitations, we were unable to carry
out ab initio calculations of fullerenes with more than 80
atoms. Still, in all our calculations, we have found a
general agreement between the DFT and the LR-LCAO
results. In all cases, the DFT-based polarizabilities were
found to exceed those based on LR-LCAO by up to 10%.

Our results predict that the polarizability of fullerenes
should be greatly enhanced with respect to previous
estimates based on classical arguments, exhibiting a mea-
surable size dependence. Furthermore, as can be seen
from Fig. 2, the ratio �LCAO=�Penn grows as a function
of size for cluster sizes changing by 3 orders of magnitude.
Even for fullerenes as large as C3840, the polarizability
ratio is considerably enhanced with respect to the classi-
cal-like limit. This behavior should be contrasted with
that of metallic clusters which, similarly to the fullerenes,
exhibit a size-independent density. In metal clusters,
semiclassical arguments correctly account for the main
trend in the size evolution of the polarizability, in stark
contrast to fullerenes.

We would like to point out that all fullerene cages
consist of very similar networks of sp2 bonded carbon
atoms, which are distributed within a layer that is struc-
turally related to a graphite layer. Consequently, these
results should also be relevant for other sp2 bonded car-
bon networks, including carbon nanotubes.

As noted before, polarizability provides very impor-
tant information related to the dispersion interaction
between sp2 bonded carbon nanostructures, such as ful-
lerenes [23]. We expect that the prominent role of quan-
tum size effects in the polarizability of finite carbon
networks, predicted in our calculations, should lead to
other interesting properties in related materials. Work
along these lines is in progress.
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